Abstract The concepts of (∈, ∈ ∨ q)-fuzzy (implicative, positive implicative and fantastic) filters of BL-algebras are introduced and some related properties are investigated. Some characterizations of these generalized fuzzy filters are derived. In particular, we describe the relationships among ordinary fuzzy (implicative, positive implicative and fantastic) filters, (∈, ∈ ∨q)-fuzzy (implicative, positive implicative and fantastic) filters and (∈, ∈ ∨ q)-fuzzy (implicative, positive implicative and fantastic) filters of BL-algebras. Finally, we prove that a fuzzy set F on a BL-algebra L is an (∈, ∈ ∨ q)-fuzzy implicative filter of L if and only if it is both (∈, ∈ ∨ q)-fuzzy positive implicative filter and an (∈, ∈ ∨ q)-fuzzy fantastic filter.
Introduction and Preliminaries
It is well known that certain information processing, especially inferences based on certain information, is based on classical two-valued logic. Due to strict and complete logical foundation (classical logic), making inference levels. Thus, it is natural and necessary to attempt to establish some rational logic system as the logical foundation for uncertain information processing. It is evident that H v -submodule and many valued implications. In [35] , Zhan et al. also discussed the properties of interval-valued (∈, ∈ ∨q)-fuzzy hyperideals in hypernear-rings. For more details, the reader is referred to [4, 5, 18, 19, 35, 36, 37] .
In [18] the concepts of (∈, ∈ ∨q)-fuzzy (implicative, positive implicative and fantastic) filters in BL-algebras are introduced and related properties are investigated. As a continuation of this paper, we further discuss this topic in this paper. In Section 2, we describe the relationships among ordinary fuzzy filters, (∈, ∈ ∨q)-fuzzy filters and (∈, ∈ ∨ q)-fuzzy filters of BL-algebras. In Section 3, we divide into three subsections. In Section 3.1, we describe the relationships among ordinary fuzzy implicative filters, (∈, ∈ ∨q)-fuzzy implicative filters and (∈, ∈ ∨ q)-fuzzy implicative filters of BL-algebras. In Section 3.2, we describe the relationships among ordinary fuzzy positive implicative filters, (∈, ∈ ∨q)-fuzzy positive implicative filters and (∈, ∈ ∨ q)-fuzzy positive implicative filters of BL-algebras. Further, the relationships among ordinary fuzzy fantastic filters, (∈, ∈ ∨q)-fuzzy fantastic filters and(∈, ∈ ∨ q)-fuzzy fantastic filters of BLalgebras are considered in Section 3.3. Finally, in Section 4, we prove that a fuzzy set F of a BL-algebra L is an (∈, ∈ ∨ q)-fuzzy implicative filter of L if and only if it is both (∈, ∈∨q)-fuzzy positive implicative filter and an (∈, ∈∨q)-fuzzy fantastic filter.
Recall that an algebra L = (L, ≤, ∧, ∨, ⊙, →, 0, 1) is a BL-algebra if it is a bounded lattice such that the following conditions are satisfied:
(i) (L, ⊙, 1) is a commutative monoid, (ii) ⊙ and → form an adjoin pair, i.e., z ≤ x → y if and only if x ⊙ z ≤ y for all x, y, z ∈ L, (iii) x ∧ y = x ⊙ (x → y), (iv) (x → y) ∨ (y → x) = 1.
In any BL-algebra L, the following statements are true (see [13] ):
In what follows, L is a BL-algebra unless otherwise specified.
It is easy to check that a non-empty subset A of L is a filter of L if and only if it satisfies: (i) ∀x, y ∈ L, x ⊙ y ∈ A; (ii) ∀x ∈ A, x ≤ y ⇒ y ∈ A (see [2, 26, 27] [16, 17, 18, 25, 27, 36, 37] ).
We now review some fuzzy logic concepts. A fuzzy set of L is (see [35] ).
For a fuzzy set F of L and t ∈ (0, 1], the crisp set U (F ; t) = {x ∈ L | F (x) ≥ t} is called the level subset of F . Theorem 1.3 [15, 16] . A fuzzy set F of L is a fuzzy (resp., implicative, positive implicative) filter of L if and only if U (F ; t)( = ∅) is a (resp., implicative,positive implicative) filter of L for all t ∈ (0, 1].
By the above Theorem, we can get the following:
A fuzzy set F of L is a fuzzy fantastic filter of L if and only if U (F ; t)( = ∅) is a fantastic filter of L for all t ∈ (0, 1].
A fuzzy set F of a BL-algebra L having the form
is said to be fuzzy point with support x and value t and is denoted by U (x; t). A fuzzy point U (x; t) is said to belong to (resp. be quasi-coincident with ) a fuzzy set F , written as U (x; t) ∈ F (resp. U (x; t)qF ) if F (x) ≥ t (resp. F (x) + t > 1). If U (x; t) ∈ F or (resp. and ) U (x; t)qF , then we write U (x; t) ∈ ∨q(resp. ∈ ∧q) F . The symbol ∈ ∨q means that ∈ ∨q does not hold. Using the notion of " membership (∈)" and "quasi-coincidence (q)" of fuzzy points with fuzzy subsets, we obtain the concept of (α, β)-fuzzy subsemigroup, where α and β are any two of {∈, q, ∈ ∨q, ∈ ∧q} with α =∈ ∧q, was introduced in [2] . It is noteworthy that the most viable generalization of Rosenfeld's fuzzy subgroup is the notion of (∈, ∈ ∨q)-fuzzy subgroup. The detailed study with (∈, ∈ ∨q)-fuzzy subgroup has been considered in [1] . Definition 1.5 [17] . A fuzzy set F of L is said to be an (∈, ∈ ∨q)-fuzzy filter of L if for all t, r ∈ (0, 1] and x, y ∈ L, (F6) U (x; t) ∈ F and U (y; r) ∈ F imply U (x ⊙ y; min{t, r}) ∈ ∨qF , (F7) U (x; r) ∈ F implies U (y; r) ∈ ∨qF with x ≤ y.
Theorem 1.7 [17] . A fuzzy set F of L is an (∈, ∈ ∨q)-fuzzy (resp., implicative, positive implicative, fantastic) filter of L if and only if U (F ; t)( = ∅) is a (resp., implicative, positive implicative, fantastic) filter of L for all t ∈ (0, 0.5].
Generalized fuzzy filters
Consider J = {t|t ∈ (0, 1] and U (F ; t) is an empty set or a filter of L}. we now consider the following questions:
, what kind of fuzzy filters of L will be F ?
(ii) If J = (α, β], (α, β ∈ (0, 1]), whether F will be a kind of fuzzy filters of L or not?
(iii) Can we give a description for the relationship between the above generalized fuzzy filters ?
Example 2.2. Let L = {0, a, b, 1}, where 0 < a < b < 1. Then we define x ∧ y = min{x, y}, x ∨ y = max{x, y}, and ⊙ and → as follows:
It is clear that (L, ∧, ∨, ⊙, →, 1) is now a BL-algebra. Define a fuzzy set F in L by F (0) = 0.2, F (a) = 0.5 and F (1) = F (b) = 0.6. It is routine to verify that F is an (∈, ∈ ∨ q)-fuzzy filter of L, but it could neither be a fuzzy filter of L, nor an (∈, ∈ ∨q)-fuzzy filter of L.
It follows that U (x; t)qF or U (y; r)qF , and thus, U (x; t)∈ ∨ qF or U (y; r)∈ ∨ qF .
(F12) ⇒ (F14) Let x ≤ y, if there exists x, y ∈ L such that max{F (y), 0.5} < t = F (x), then 0.5 < t ≤ 1, U (y; t)∈F and U (x; t) ∈ F . Since U (y; t)∈F , by (F12), we have U (x; t)qF . Then t ≤ F (x) and t + F (x) ≤ 1, which implies,
It follows that U (x; t)qF , and thus, U (x; r)∈ ∨ qF . This completes the proof.
Lemma 2.4 [17] . Let F be a fuzzy set of L. Then U (F ; t)( = ∅) is a filter of L for all 0.5 < t ≤ 1 if and only if it satisfies (F13) and (F14).
Theorem 2.5.
A fuzzy set F of L is an (∈, ∈ ∨ q)-fuzzy filter of L if and only if U (F ; t)( = ∅) is a filter for all 0.5 < t ≤ 1.
Proof. This Theorem is an immediate consequence of Theorem 2.3 and Lemma 2.4. Remark 2.6. Let F be a fuzzy set of a BL-algebra L and J = {t|t ∈ (0, 1] and U (F ; t) an empty subset or a filter of L}.
(
We now extend the above theory.
Definition 2.7. Given α, β ∈ (0, 1] and α < β, we call a fuzzy set F of L a fuzzy filter with thresholds (α, β] of L if for all x, y ∈ L, the following conditions are satisfied :
Proof. The proof is similar to the proof of Lemma 2.4. (3) However, the fuzzy filter with thresholds of L may not be the usual fuzzy filter, or may not be an (∈, ∈ ∨q)-fuzzy filter, or may not be an (∈, ∈ ∨ q)-fuzzy filter, respectively. These situations can be shown in the following example: Then, we have
Thus, F is a fuzzy filter with thresholds (0.4, 0.6] of L. But F could neither be a fuzzy filter, an (∈, ∈ ∨q)-fuzzy filter of L, nor an (∈, ∈ ∨ q)-fuzzy filter of L.
Generalized fuzzy implicative (positive implicative, fantastic) filters
In this Section, we divide into three parts. In Section 3,1, we describe the relationships among ordinary fuzzy implicative filters, (∈, ∈ ∨q)-fuzzy implicative filters and (∈, ∈ ∨ q)-fuzzy implicative filters of BL-algebras. In Section 3.2, we describe the relationships among ordinary fuzzy positive implicative filters , (∈, ∈ ∨q)-fuzzy positive implicative filters and (∈, ∈ ∨ q)-fuzzy positive implicative filters of BL-algebras. Further, the relationships among ordinary fuzzy fantastic filters , (∈, ∈ ∨q)-fuzzy fantastic filters and(∈, ∈ ∨ q)-fuzzy fantastic filters of BL-algebras are considered in Section 3.3.
Generalized fuzzy implicative filters
Consider J = {t|t ∈ (0, 1] and U (F ; t) is an empty set or an implicative filter of L}. We now consider the following questions:
, what kind of fuzzy implicative filters of L will be F ?
, whether F will be a kind of fuzzy implicative filters of L or not?
(iii) Can we give a description for the relationship between the above generalized fuzzy implicative filters ?
Example 3.1.2. Let L = {0, a, b, 1}, where 0 < a < b < 1. Then we define x ∧ y = min{x, y}, x ∨ y = max{x, y}, and ⊙ and → as follows:
It is clear that (L, ∧, ∨, ⊙, →, 1) is now a BL-algebra. Define a fuzzy set F of L by F (0) = 0.2, F (a) = 0.8, F (b) = 0 and F (1) = 0.6. It is routine to verify that F is an (∈, ∈ ∨ q)-fuzzy implicative filter of L, but it could neither be a fuzzy implicative filter of L, nor an (∈, ∈ ∨q)-fuzzy implicative filter of L.
Lemma 3.1.3. Let F be a fuzzy set of L. Then U (F ; t)( = ∅) is an implicative filter of L for all 0.5 < t ≤ 1 if and only if it satisfies (F13),(F14) and (F17).
Proof. Assume that U (F ; t)( = ∅) is an implicative filter of L. Then,it follows from Lemma 2.4 that (F13) and (F14) hold. If there exist x, y, z ∈ L such that max{F (x → z), 0.5} < t = min{F (x → (z ′ → y)), F (y → z), 0.5}, then 0.5 < t ≤ 1, F (x → z) < t and x → (z ′ → y), y → z ∈ U (F ; t). Since U (F ; t) is an implicative filter of L, x → z ∈ U (F ; t), and so F (x → z) ≥ t, which is a contradiction. Hence (F17) holds.
Conversely, suppose that the conditions (F13), (F14) and (F17) hold. Then, it follows from Lemma 2.4 that U (F ; t) is a filter of L. Assume that 0.5
, which implies that x → z ∈ U (F ; t). Thus U (F ; t) is an implicative filter of L.
Theorem 3.1.4.
A fuzzy set F of L is an (∈, ∈ ∨ q)-fuzzy implicative filter of L if and only if U (F ; t)( = ∅) is an implicative filter for all 0.5 < t ≤ 1.
Proof. This Theorem is an immediate consequence of Theorem 2.5 and Lemma 3.1.3. We now extend the above theory. Definition 3.1.6. Given α, β ∈ (0, 1] and α < β, we call a fuzzy set F of L a fuzzy implicative filter with thresholds (α, β] of L if it satisfies (F15),(F16) and (3) However, the fuzzy implicative filter with thresholds of L may not be the usual fuzzy implicative filter, or may not be an (∈, ∈ ∨q)-fuzzy implicative filter, or may not be an (∈, ∈ ∨ q)-fuzzy implicative filter, respectively. These situations can be shown in the following example: Then, we have
Thus, F is a fuzzy implicative filter with thresholds (0.4, 0.6] of L. But F could neither be a fuzzy implicative filter, an (∈, ∈ ∨q)-fuzzy implicative filter of L, nor an (∈, ∈ ∨ q)-fuzzy implicative filter of L.
Generalized fuzzy positive implicative filters
Consider J = {t|t ∈ (0, 1] and U (F ; t) is an empty set or a positive implicative filter of L}. We now consider the following questions: (iii) Can we give a description for the relationship between the above generalized fuzzy positive implicative filters ? We now extend the above theory. Definition 3.2.6. Given α, β ∈ (0, 1] and α < β, we call a fuzzy set F of L a fuzzy positive implicative filter with thresholds (α, β] of L if it satisfies (F15),(F16) and (F20) max{F (x → z), α} ≥ min{F (x → (y → z)), F (x → y), β}, for all x, y, z ∈ L. (3) However, the fuzzy positive implicative filter with thresholds of L may not be the usual fuzzy positive implicative filter, or may not be an (∈, ∈ ∨q)-fuzzy positive implicative filter, or may not be an (∈, ∈ ∨ q)-fuzzy positive implicative filter, respectively. These situations can be shown in the following example: Then, we have
Thus, F is a fuzzy positive implicative filter with thresholds (0.4, 0.6] of L. But F could neither be a fuzzy positive implicative filter, an (∈, ∈ ∨q)-fuzzy positive implicative filter of L, nor an (∈, ∈ ∨ q)-fuzzy positive implicative filter of L.
Generalized fuzzy fantastic filters
Consider J = {t|t ∈ (0, 1] and U (F ; t) is an empty set or a fantastic filter of L}. We now consider the following questions: (iii) Can we give a description for the relationship between the above generalized fuzzy fantastic filters ? A fuzzy set F of L is an (∈, ∈ ∨ q)-fuzzy fantastic filter of L if and only if U (F ; t)( = ∅) is a fantastic filter for all 0.5 < t ≤ 1.
Proof. This Theorem is an immediate consequence of Theorem 2.5 and Lemma 3.3.3. We now extend the above theory. (3) However, the fuzzy fantastic filter with thresholds of L may not be the usual fuzzy fantastic filter, or may not be an (∈, ∈ ∨q)-fuzzy fantastic filter, or may not be an (∈, ∈ ∨ q)-fuzzy fantastic filter, respectively. These situations can be shown in the following example: Then, we have
Thus, F is a fuzzy fantastic filter with thresholds (0.2, 0.6] of L. But F could neither be a fuzzy fantastic filter, an (∈, ∈ ∨q)-fuzzy fantastic filter of L, nor an (∈, ∈ ∨ q)-fuzzy fantastic filter of of L.
Relationships among these generalized fuzzy filters
In this Section, we discuss the relationships among these generalized fuzzy filters of BL-algebras and obtain an important result.
Lemma 4.1 [16] . Every implicative filter of L is a positive implicative filter. Lemma 4.2 [16] .
Let A be a filter of L. Then A is an implicative filter of
By the definition of fantastic filters of L, we can immediately get the following: Lemma 4.3. Let A be a filter of L. Then A is a fantastic filter if and only if
Lemma 4.4 [16] .
Let A be a filter of L. Then A is a positive implicative filter of L if and only if x → (x → y) ∈ A ⇒ x → y ∈ A, for all x, y ∈ L.
Every implicative filter of L is a fantastic filter.
Proof.
Let A be an implicative filter of L. For any x, y ∈ L be such that
By hypothesis, we have ((((x → y) → y) → x) → y) → (((x → y) → y) → x) ∈ A. It follows from Lemma 4.2 that ((x → y) → x ∈ A. This proves that y → x ∈ A ⇒ ((x → y) → y) → x ∈ A. Thus, by Lemma 4.3, we know A is a fantastic filter of L. 
Necessity: Lemma 4.1 and 4.5. Sufficiency: Let x, y ∈ L be such that (x → y) → x ∈ A. Since (x → y) → x ≤ (x → y) → ((x → y) → y), we have ((x → y) → y) ∈ A. Since A is a positive implicative filter of L, by Lemma 4.4, we have (x → y) → y ∈ A. (*) Since (x → y) → x ≤ y → x, we have y → x ∈ A. By Lemma 4.3, we have ((x → y) → y) → x ∈ A. (**) By (*) and (**), we have x ∈ A since A is a filter of L. This proves that (x → y) → x ∈ A ⇒ x ∈ A. It follows from Lemma 4.2 that A is an implicative filter of L. Corollary 4.7. A non-empty subset U (F ; t) of L is an implicative filter of L if and only if it is both a positive implicative filter and a fantastic filter for all t ∈ (0.5, 1].
Finally, we give the relationships among (∈, ∈ ∨ q)-fuzzy implicative filters, (∈, ∈ ∨ q)-fuzzy positive implicative filters and (∈, ∈ ∨ q)-fuzzy fantastic filters of BL-algebra. Theorem 4.8. A fuzzy set F of L is an (∈, ∈ ∨ q)-fuzzy implicative filter of L if and only if it is both (∈, ∈ ∨ q)-fuzzy positive implicative filter and an (∈, ∈ ∨ q)-fuzzy fantastic filter.
Proof. Let F be an (∈, ∈∨q)-fuzzy implicative filter of L. By Theorem 3.1.4, we know non-empty subset U (F ; t) is an implicative filter of L for all t ∈ (0.5, 1]. By Corollary 4.7, U (F ; t) is both a positive implicative filter and a fantastic filter of L for all t ∈ (0.5, 1]. It follows from Theorem 3.2.4 and 3.3.4 that F is both an (∈, ∈ ∨ q)-fuzzy positive implicative filter and an (∈, ∈ ∨ q)-fuzzy fantastic filter of L.
Conversely, assume that F is both an (∈, ∈ ∨ q)-fuzzy positive implicative filter and an (∈, ∈ ∨ q)-fuzzy fantastic filter of L. By Theorem 3.2.4 and 3.3.4, we know non-empty subset U (F ; t) is both a positive implicative filter and a fantastic filter of L for all t ∈ (0.5, 1]. By Corollary 4.7, U (F ; t) is an implicative filter of L for all t ∈ (0.5, 1]. It follows from Lemma 3.1.4 that F is an (∈, ∈ ∨ q)-fuzzy implicative filter of L.
